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Abstract—In machine learning community there are many efforts to im-
prove overall reliability of predictors measured as an error on the testing
set. But in contrast, very little research has been done concerning predic-
tion reliability of a single answer. This article describes an algorithm that
can be used for evaluation of prediction reliability in regression. The basic
idea of the algorithm is based on construction of transductive predictors.
Using them, the algorithm makes inference from the differences between
initial and transductive predictions to the error on a single new case. The
implementation of the algorithm with regression trees managed to signifi-
cantly reduce the relative mean squared error on the majority of the tested
domains.
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I. I NTRODUCTION

RELIABILITY can be defined as an ability to perform cer-
tain tasks conforming to required quality standards [4].

There are many situations when users of machine learning tools
are not satisfied only with statistical measures of prediction er-
ror, for example in medicine. They also need to know if they
can trust the prediction. Human experts can trust the predic-
tive model by understanding the generated knowledge which
explains the predictions. As the qualitative description of the
knowledge is often imprecise and difficult to measure and to
compare with other knowledge descriptions we want a quantita-
tive definition of reliability.

The work on evaluation of classification reliability [6], [5] in-
spired the idea to find similar methods for regression problems.
Some of current methods for evaluation of predictive reliabil-
ity are based on the principle of transductive inference. This
paper describes how this principle can be used for estimation
of the prediction reliability for regression models. It is orga-
nized as follows. In Section 2 we present a short introduction
to transduction. In Section 3 we describe our adaptations of this
principle to regression and regression trees in particular. Section
4 contains experimental results and the final Section concludes
and presents our ideas for further work.

II. T HE TRANSDUCTION PRINCIPLE

Transduction is an inference principle that takes a training
sample and aims at estimating the values of a discrete or con-
tinuous function only at given – unlabelled – points of interest
from input space, as opposed to the whole input space for in-
duction. In the learning process the points are suitably labelled
and included into the training sample. The usefulness of unla-
belled data has also been advocated in the context of co-training
[8]. It has been shown that for every reasonable (better than ran-

dom) classifier its performance can be significantly boosted by
utilizing only additional unlabelled data [1].

It has been suggested [10] that when solving a given problem
one should avoid solving a more general problem as an interme-
diate step. The reasoning behind this principle is that, in order to
solve a more general task, resources may be wasted or compro-
mises made which would not have been necessary for solving
only the problem at hand (i.e. function estimation only on given
points). This common-sense principle reduces a more general
problem of inferring a functional dependency on the whole input
space (inductive inference) to the problem of estimating the val-
ues of a function only at given points (transductive inference).

Let X be a space of attribute descriptions of points in a train-
ing sample, andY a space of labels (continuous or discrete)
assigned to each point (e.g.Y ⊆ R). Given a probability distri-
butionP , defined on the input spaceX ×Y , a training sample

S= {(x1,y1), . . . ,(xl ,yl )}
consisting ofl points, is drawn i.i.d. (identically independently
distributed) according toP . Additional m data points (working
sample)

W = {xl+1, . . . ,xl+m,}
with unknown labels are drawn in the same manner. The goal
of transductive inference is to label the points from the sample
W using a fixed setH of functions f : X 7→ Y in order to mini-
mize an error functional both in the training sampleSand in the
working sampleW (effectively, inS∪W). In contrast, inductive
inference aims at choosing a single functionf ∈ H that is best
suited to the unknown probability distributionP .

A question is how to calculate labels of points from a work-
ing sample. In a discrete case (|Y | = \) this may be done by
labelling every point from a working sample with every possi-
ble label value; however givenm working points this leads to
a combinatorial explosion yieldingnm possible labellings. For
each possible labelling, an induction process onS∪W is run,
and an error functional (error rate) is calculated. In case ofm= 1
we can significantly reduce the computational complexity by la-
belling a point with a label predicted fromSonly [5]. In a con-
tinuous case (|Y | = |R|) the combinatorial approach is impos-
sible; labelling has to be determined either analytically (hardly
possible in general) or by minimizing approximate (empirical)
error functionals inS∪W [3].

By leveraging the i.i.d. sampling assumption and transductive
inference, one can for each labelling estimate its reliability (also
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referred to as confidence, a probability that it is correct). If the
i.i.d. assumption holds, the training sampleSas well as the joint
correctly labelled sampleS∪W should both reflect the same
underlying probability distributionP . If one could measure a
degree of similarity between probability distributionsP (S) and
P (S ∪W ), this could be used as a measure of reliability of the
particular labelling. Unfortunately, this problem in general be-
longs to the non-computable class [7], so approximation meth-
ods have to be used [11], [5].

Evaluation of prediction reliability for single points in data
space has many uses. In risk-sensitive applications (medical di-
agnosis, financial and critical control applications) it often mat-
ters, how much one can rely upon a given prediction. In such
a case a general reliability measure of a classifier (e.g. classi-
fication accuracy, mean, squared error, . . . ) with respect to the
whole input distribution would not provide the desired warranty.
Another use of reliability estimations is in combining answers
from different predictors, weighed according to their reliability.

III. A PPLYING TRANSDUCTION PRINCIPLE

In the process of learning the prediction model we are usually
searching for the model that best fits the learning set. The chosen
model we use for prediction (labelling) of the valueK of the
dependent variable for cases where it is not known in advance.
We call this model theinitial predictor. We call a prediction for
a given instance with this initial predictor theinitial prediction
of that instance.

From the initial predictor we develop a transductive predic-
tor. A single unlabelled instance is included into the training set
and assigned a label. This label can beK, predicted by the ini-
tial predictor or assigned in some other way. The new learning
set ofn+1 instances is used for generation of transductive pre-
dictor which can again be used for prediction. As we included
additional instance into the learning set, in general, the new pre-
diction differs fromK assigned by the initial predictor.

Our method for evaluation of prediction reliability of regres-
sion trees uses, besides the initial predictionK, also predictions
K+

2 andK−
2 of two transductive predictors (see Figure 1). Pre-

diction K+
2 is an output of transductive predictor constructed

from the the training set and one originally unlabelled instance
with labelK +2σ. The valueσ presents the standard deviation
of predictions of the instances from the same leaf of the regres-
sion tree as the originally unlabelled instance. The prediction
K−

2 is an output of the predictor constructed in an analogous
way but added instance labelled withK−2σ.

By modifying the value of the initial predictor we try to
change the way the predictor is constructed and to observe the
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Fig. 1. The transductive process.

influence this change has on the predictor. We assume that
the difference between the initial and transductive prediction is
smaller for more stable predictions. The modification for2σ has
empirically turned out to be just enough to change the prediction
value of the instance and not so large to be considered an outlier
(noise) by the regression system.

We can make the following assumptions concerning the pre-
dictionsK, K+

2 , andK−
2 :

• we expectK+
2 −K to be positive andK−

2 −K to be negative
• if a predictor is stable in a given point the valuesK+

2 −K and
K−

2 −K will be relatively small
• if a predictor is unstable in a given point the absolute values
|K+

2 −K| and|K−
2 −K| will be relatively large

• if one of the absolute values|K+
2 −K| and |K−

2 −K| is con-
siderably larger than the other then the true labellingC is in the
direction of the larger value (information about the direction of
the correction)
• the larger the value defining the direction of the correction the
larger the correction should be (information about the size of the
correction).
These assumptions are illustrated in Figure 2 from top to bottom.
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Fig. 2. The transductive assumptions.

On the basis of the above assumptions we can construct an
algorithm which uses transductive information and tries to cor-
rect its own prediction. If we by applying it get statistically sig-
nificant reduction of the testing set error then the transductive
predictions contain the correct information about stability (reli-
ability) of the initial predictor. Therefore we focus our attention
on the possible connection between the changes of the predic-
tions K+

2 −K andK−
2 −K and a differenceC−K between the

predictionK and the true labellingC. We tried two ways to find
this connection: we used linear regression model and locally
weighted regression (LWR). We present details below.

A. Linear regression model

The pointsC−K, K+
2 −K, andK−

2 −K can be presented with
scatter plots(K+

2 −K,C−K) and(K−
2 −K,C−K). For these
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plots it is typical:

C−K =





> 0 ;prediction is too small
= 0 ;prediction is correct
< 0 ;prediction is too large

By observing these graphs for different problems we noticed
that on the plots(K+

2 −K,C−K) (and(K−
2 −K,C−K)) there

are more points in the half whereC−K > 0 (andC−K < 0,
respectively). We also expect that valueK+

2 −K (K−
2 −K) will

be larger where the initial predictor makes larger positive (nega-
tive) error. In this case we expect transductive predictor to make
larger correction than in the case of smaller error. As the infor-
mation about the negative (positive) error is again contained in
the halfplane whereC−K > 0 (C−K < 0) we assume that this
halfplane contains more information.

This observation offers an idea to use information from both
plots and find a relation between the transductive inductions and
the error on them. From the points(K+

2 −K,C−K) and(K−
2 −

K,C−K) we form a set of points(X,C−K) where

X =
{

K+
2 −K ;C−K ≥ 0

K−
2 −K ;C−K < 0

We can fit this set of points with the regression line as illus-
trated in Figure 3 for Housing domain from UCI repository. We
can observe high density of points around the ordinate which
presents the instances with small difference between the initial
and transductive predictions. The predictor is stable in these
points. As we are searching for a linear model describing the
relation between the change of prediction and the error of the
predictor, we have to consider only the points conveying use-
ful information about this relationship. It is therefore useful to
eliminate the points close to the ordinate axis. We eliminate
points from the set(X,C−K) which haveC−K less than the
predefined threshold.

As we can assume that instances on the plot(X,C−K) are
approximately normally distributed along theX we tried to set
the threshold automatically according to the standard deviation
(zero being the mean value). Empirically we found that one
half of standard deviation is a suitable value which improves the
fitting of the regression line.

With the regression lineC−K = f (X) we can assign values
K, K+

2 , andK−
2 to unlabelled instances and correct the prediction

with the following equation:

K′ = f

(
(K+

2 −K)+(K−
2 −K)

2

)
+K (1)

To improve the algorithm we use also the following ideas:
• The regression line usually does not cross the axis origin
therefore the points around it get correction in the wrong di-
rection (see Figure 4).
To solve this difficulty we use two regression lines with origin
in the0: one for positiveX instances and the other for negative
X instances as illustrated on Figure 5.
• The differences between the initial and transductive predic-
tions contain more information about the direction than the size
of correction. We therefore limit the size of correction to one

Fig. 3. Regression line for the set of points(X,C−K).

Fig. 4. Regression liney = ax+b,b > 0, is not crossing axis origin.

half of the standard deviation of the differences between the ini-
tial prediction and the true label for all training instances.
• Sometimes (rarely) the training set contains instances for
which the relationK−

2 < K < K+
2 is not true, instead one of

the following relations occurs:K < K−
2 < K+

2 , K < K+
2 < K−

2 ,
K−

2 < K+
2 < K, orK+

2 < K−
2 < K. These instances are anomalies

which disturb the regression line, therefore we eliminate them
before the computation of the regression line.

B. Locally weighted regression model

Beside linear regression line we can use also other models
to determine the necessary corrections according to the values



4

Fig. 5. Two regression lines with origin in 0.

K+
2 −K andK−

2 −K. In the space of these two differences we
can find nearest neighbors and use their values weighted with
their distances to determine the necessary correction for unla-
belled instance. The distance between two instancesi and j is
defined as Manhattan distance betweenK+

2 −K andK−
2 −K:

D(i, j) = |(K+
2i −Ki)− (K+

2 j −K j)|+ |(K−
2i −Ki)− (K−

2 j −K j)|

We used locally weighted regression with 40 neighbors and
Gaussian kernel.

IV. EXPERIMENTS AND RESULTS

We used 10 regression domains to test our assumptions and
algorithms. The majority (6) of the data sets are from UCI ma-
chine learning repository [9]:
Autompg: city-cycle fuel consumption, 1 nominal, 6 continuous
attributes 398 instances.
Autoprice: prices of the vehicles, 10 nominal , 15 continuous
attributes, 201 instances.
Cpu: relative CPU performance, 6 continuous attributes, 209
instances.
Housing: housing values in Boston area, 1 nominal, 12 contin-
uous attributes, 506 instances.
Servo: rise time of a servo mechanism, 2 nominal, 2 integer
attributes, 167 instances.
Wisconsin: time to recur in Wisconsin breast cancer database,
32 continuous attributes, 198 instances.

Other data sets (4) are available from the authors upon re-
quest:
Cosinus is non-linear dependency with cosine multiplied by the
linear combination of two attributes:f = cos(4πA1) · (−2A2 +
3A3). The attributes are numeric with values from 0 to 1. Be-
sides 3 important there are also 7 random attributes describing
1000 instances.
Grv: describes a grinding process where we are predicting
roughness of the object from the sound of grinding machine.
There are 123 examples described with 3 numeric attributes.

Photo: the apparent photosynthesis of the Mediterranean grass
is predicted from 858 examples described with 2 discrete and 3
numeric attributes.
PWlinear: prediction of the value of piecewise linear function
from 200 instances described with 10 numeric attributes.

We used 10-fold cross validation and computed significance
of the differences with t-test at0.05level. Results for regression
trees with transductive corrections with linear regression lines
and locally weighted regression are presented in table I. We
present relative mean squared error (the quotient of the mean
squared errors of the given predictor and predictor always re-
turning the mean value of training set, see [2])) on the testing
sets and mark differences from the initial predictor with + and -,
two signs meaning significant differences.

The results show that corrections are highly beneficial,
namely in 6 out of 10 domains we significantly reduced error
using one of the corrections. In all other cases we also achieved
improvements. Therefore it seems that transductive correction
is successful for regression trees.

We also tested the transductive correction algorithm on
learning systems with linear regression formulas and locally
weighted regression. We did not achieve significant improve-
ments there. The problem is that adding one instance into the
training set in most cases does not provide sufficient informa-
tion. With linear regression the difference in prediction is mostly
proportional to the difference between the prediction of the ini-
tial predictor and the label assigned to the added instance. With
locally weighted regression the added instance is one of the
nearest instances and has too strong impact on prediction and
we loose the information of other near instances.

V. CONCLUSIONS AND FURTHER WORK

We have successfully applied the transductive principle to re-
gression trees which enables us to evaluate their prediction reli-
ability.

As there is a connection between the averageK+
2 −K (K−

2 −
K) andC−K (see Equation (1)) we can use these averages as
the measure of predictive unreliability of regression trees: with
higher absolute values of the average we get less reliable predic-
tions.

Results show that our algorithm achieves good results and
successfully estimates the error of the initial prediction for sin-
gle instances. Exploiting this reliability information the algo-
rithm significantly reduced the relative mean squared error on
the majority of the tested domains.

Described method is based on observation of differences be-
tween the initial and two transductive predictions on single cases
and their comparison with the prediction error. In further work
we plan to extend the algorithm to use other information like
changes of values’ distribution around the predicted value. We
also intend to adapt and apply described transductive principle
on other regression methods such as neural networks.
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